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Preface

HE use of composite materials in industry began in the 1940s with

GFRP (glass fiber reinforced plastics). Since then, the research
and development of composite materials have gone through significant
breakthroughs turning the subject of composite materials into a ma-
tured discipline in applied science today. The most compelling reason
for industrial use of composite materials is to take advantage of their
anisotropic nature which enables such material properties as strength,
stiffness and fracture toughness to be tailored to specific directions.

Composites often fail when they are subject to severe environments
such as high temperatures or cryogenic temperatures even though there
is no external load applied to the composites. Typically, failure in com-
posites is caused by thermal stresses which are generated at the inter-
face between the reinforcing fibers and the surrounding matrix due to
the mismatch of the thermal expansion coefficients of the two mate-
rials. The mismatch of thermal expansion coefficients is not the only
cause for thermal stresses. Thermal stresses are also generated by the
mismatch of the thermal conductivities and the elastic stiffness if the
temperature distribution in the composite is non-uniform.

In order to understand how the thermal stress is generated and dis-
tributed in the composites, it is necessary to know the temperature
distribution in the composite first. It is also important to know the ef-
fective thermal conductivity of the composite when it is viewed as an
equivalent homogeneous medium that exhibits the same response as
the composite. While the mechanical behavior of composite materials
has been investigated for decades, research on the thermal properties of
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X Preface

composites is somewhat less explored, which motivated the authors to
write this book.

One of the authors (SN) has been working on developing analytical
methods for the mechanical properties of composites using microme-
chanics approaches in which microstructures such as inclusions, de-
fects and dislocations are taken into account that affect the properties
of heterogeneous materials. The other author (AHS) has been working
on a wide range of heat transfer research and developed semi-analytical
methods to accurately predict the temperature distribution in anisotropic
media for both steady-state and transient state. Therefore it was logical
that both of us decided to write a book on analytical methods for heat
transfer in composites where the availability of books on this topic was
scarce in the composite research community. Steady-state heat transfer
in composites composed of inclusions (fibers) and a matrix phase of
both finite and infinite size as well as the thermal stress resulting from
the temperature distribution were handled by SN and both steady-state
and transient-state heat transfer for muli-layer composites was handled
by AHS.

The purpose of this book is to introduce analytical methods that can
be used to obtain temperature distributions in general heterogeneous
materials. Although many heat transfer problems in composites are rou-
tinely solved by numerical methods such as the finite element method
or the finite difference method, analytical solutions are always pre-
ferred to numerical solutions. The readers are expected to have basic
mathematical background at the undergraduate level of vector calculus,
linear algebra and differential equations. As many of the formulas are
lengthy and tedious, it is helpful if the readers have access to computer
algebra software such as Mathematica and Maple that automates sym-
bolic derivations of many mathematical formulas. For steady-state heat
conduction, the governing equation for heat conduction is similar to the
equations for permeability, electrical conductivity, diffusivity, dielectric
constant, and magnetic permeability. However, the transient behavior
of heat conduction significantly differs from the properties above which
is handled in Chapter 4.

The book consists of seven Chapters. Chapter 1 is a general introduc-
tion and review of the heat conduction equations. Exemplar problems
are solved that represent the basics of analytical methods employed in
the subsequent Chapters. In Chapter 2, steady-state heat conduction in
composites reinforced by fibers/particulates is solved from the micro-
mechanics viewpoint. The temperature distribution in a medium that
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contains a spheroidal inclusion is sought and it is expressed analyti-
cally for an unbounded medium and semi-analytically for a bounded
medium. A spheroidal inclusion can cover a wide range of fiber shapes
from a flat-flake to a sphere to a long fiber. Chapter 3 discusses the
analytical solutions for steady-state heat conduction in laminated mul-
tilayer composites and in heterogeneous materials. In Chapter 4, differ-
ent analytical solutions for transient heat conduction in multilayer and
laminated composites are emphasized. Chapter 5 presents an overview
of rapid energy transport in heterogeneous composites under a local
thermal non-equilibrium condition. Chapter 6 discusses the effective
thermal conductivity of unbounded composite materials by introduc-
ing critical theoretical models including the upper and lower bounds of
Hashin and Shtrikman, the Maxwell-Garnett effective medium theory,
the Mori-Tanaka model and the self-consistent approximation. Chap-
ter 7 discusses thermal stresses caused by a mismatch of the thermal
expansion coefficients at the interface of the matrix and fibers due to a
non-uniform temperature distribution in the composites. Although ther-
mal stress analysis is not a subject within heat transfer, it is an important
topic as the composites often fail due to non-uniform temperature dis-
tributions. The thermal stress analysis is carried out based on the results
from the preceding Chapters. References are given at the end of each
Chapter.

We wish to thank Dr. Joseph Eckenrode and Mr. Stephen Spangler at
DEStech Publications for their encouragement and support throughout
the period of this book project.

SEIICHI NOMURA
A. HAJI-SHEIKH

Department of Mechanical and Aerospace Engineering

The University of Texas at Arlington
Arlington, Texas






CHAPTER 1

Basic Equations for Heat Transfer

1.1. FOURIER’S LAW

N this Chapter, the fundamental equations of heat transfer are de-

rived and well-known exemplar problems are solved. As this book
is not meant to be a general textbook on heat transfer, the readers are
referred to one of many outstanding textbooks (e.g. [1]) and only a min-
imum amount of equations to be used in the subsequent Chapters are
presented. However, the formulations are intended to be applicable to
anisotropic and heterogeneous materials later that define the composite
materials. Although a preferred way of describing the mechanical and
physical properties of anisotropic materials is to use the tensor (index)
notation, it is not employed in this book except for Chapter 7 to avoid
unnecessary complexity. More discussion on heat conduction in com-
posites using index notation is found in [2].

The heat conduction equation is derived from Fourier’s law. Fou-
rier’s law is an empirical relationship between the heat flow and tem-
perature gradient. Fourier’s law states that the heat flows when there is a
temperature difference between two points (Figure 1.1). The amount of
the flow is proportional to the temperature difference and the direction
of the flow is also related to the direction of the temperature difference,
which can be expressed as

qx VT (1.1)

where q is the heat flux (a vector) whose dimension is w/m?, T is the
1



2 BASIC EQUATIONS FOR HEAT TRANSFER

Temperature (7)
o)

o4 q (heat flux)

0 >

FIGURE 1.1. Fourier’s law stating that heat flows from a
point of higher temperature to a point of lower temperature.

temperature (a scalar) and VT (a vector) is the gradient of 7. Math-
ematically, Equation (1.1) can be expressed as

q=-KVT (1.2)

where K is a 3 x 3 matrix which is the proportionality factor between
the heat flux, q, and the temperature gradient, V7, and is called thermal
conductivity with the dimension, w/(m-k). Equation (1.2) is explicitly
expressed as

or
q) [k ky ko)
or
qy | =~ kyx kyy kyz 5 (13)
V4 ka kZ kZZ
q v a_T
Oz

The minus sign in Equation (1.2) comes from the fact that heat flows
from a point of higher temperature to a point of lower temperature. It
should be noted that according to Onsager’s principle [3], K is sym-
metrical as

ky =k

VX5

k

vz

=k

zys

kzx = kxz (1 4)

Hence, the number of independent components for K is 6 in 3-D (4
in 2-D).

The general definition of composite materials is any medium which
is heterogeneous. However, in engineering, composite materials are re-



CHAPTER 2

Heat Conduction in Matrix-Inclusion/
Fiber Composites

2.1. INTRODUCTION

HE heat conduction equation [Equation (1.12)] along with an ap-

propriate boundary condition constitutes a boundary value prob-
lem. One of the challenges of solving Equation (1.12) is when the ther-
mal conductivity, &, is a function of positions, which defines composite
materials. Typical composite materials are defined by their mechanical
and physical properties such as the thermal conductivities, k(x), that are
piecewise constant across different phases. As many analytical methods
for heat transfer problems that have been developed for conventional
homogeneous materials cannot be readily used for composite materials,
it is necessary to develop tailored techniques for the composites.

In Section 2.2, analytical methods to obtain the temperature dis-
tribution in an infinitely extended medium that contains an inclu-
sion (a second phase) are presented. The shape of the inclusion can
be spherical, cylindrical and spheroidal (an ellipsoid with two equal
semi-diameters). The temperature distribution in a medium contain-
ing a spherical (3-D) or circular (2-D) inclusion is derived using two
different approaches, first by solving the partial differential equations
directly and second by using the complex variable theory. A three-
phase problem where a single inclusion is surrounded by another
inclusion of the same spherical shape is also solved using the afore-
mentioned two approaches. For a medium that contains a spheroidal
inclusion, a different approach is employed using the Green’s func-
tion. A spheroidal inclusion can cover a wide range of shapes from a

17



18 HEAT CONDUCTION IN MATRIX-INCLUSION/FIBER COMPOSITES

flat flake to a sphere to a long fiber. As will be seen in Chapter 6, the
effective thermal conductivity of the composite that contains sphe-
roidal inclusions can be obtained if the temperature field inside the
inclusion is known.

In Section 2.3, the 2-D steady-state heat conduction problem is
solved in which a circular inclusion is embedded in a finite sized
medium. It is noted that if the medium that contains an inclusion
is infinitely extended, analytical solutions are available as shown in
Section 2.2. However, if the medium is of finite size and the geom-
etry is not axi-symmetrical, there is no analytical solution available
in general. Although numerical methods such as the finite element
method have been routinely used, analytical or semi-analytical meth-
ods are always preferred. In Section 2.3, a semi-analytical method
is presented to derive the temperature field in series form using the
Galerkin method. The permissible functions that are used in the
Galerkin method are analytically derived which satisfy both the con-
tinuity condition of the temperature and the heat flux at the interface.
It is noted that test functions used in the finite element method do not
satisfy the continuity condition of heat flux across the interface. Un-
like numerical methods, this semi-analytical method retains all the
material and geometrical parameters in the formulation, thus, suit-
able for parametric study.

2.2. SPHERICAL/CYLINDRICAL INCLUSION PROBLEMS
IN AN UNBOUNDED MEDIUM

In this section, the steady-state heat conduction equation is solved
when a spherical (3-D) inclusion or a cylindrical inclusion (2-D) is
embedded in an infinitely-extended matrix phase subject to a con-
stant heat flux at the far field. As will be discussed in Chapter 6, the
solution for a single inclusion can be directly used to obtain the ef-
fective thermal conductivity for a composite that contains multiple
inclusions.

2.2.1. Spherical Inclusion (3-D)

A 3-D unbounded isotropic medium is considered that contains a
spherical inclusion with the radius, a, at the center subject to a uniform
heat flow, q*, at infinity as shown in Figure 2.1. The heat flux approach-
es a constant vector, q*, as x, y, z — *oo expressed as
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or ,,or , ,oT o o w
(kma,k’”a,k’"aja(qx,qy,qz ) X, V,Z —> oo (2.1)
where £ is the thermal conductivity for the matrix.

As the only source for the temperature distribution is the uniform
heat flux, q®, at infinity, the temperature field throughout the material
must be proportional to q*. Therefore, the only possible expression for
the temperature field is to assume that

T=f(r)q”x (2.2)

where f(r) is an unknown function yet to be determined but a function
of the distance, » =+/x-x, alone and q”- x is the dot product between
the heat flux, q*, and x, g,x + ¢,y + ¢.z. As no heat source is assumed,
the temperature field, 7, in both the inclusion and the matrix is sub-
jected to the Laplace equation as

AT =0 (2.3)

where A is the Laplacian defined as

o o
Ty e @4
_— _—
—_— —_—
_ —
_— _—
_ _—
(95-9;-92)

FIGURE 2.1. A spherical inclusion in an unbounded matrix phase subject to uniform heat
flux at infinity.



CHAPTER 3

Steady State Heat Conduction in
Multi-Layer Composite Materials

3.1. INTRODUCTION

HEAT conduction in multi-layer composite materials appears in
various applications, such as cooling systems to protect electronic
devices. In this Chapter, the analytical solutions of temperature fields in
multi-dimensional regions are emphasized. This includes temperature
solutions in multi-layered orthotropic bodies with rectangular profiles.
The steady state solutions are presented in this Chapter and they are
followed by the transient solutions in Chapter 4.

Earlier works on analytical solutions of heat conduction problems
in composite materials are available in the literature. A one-dimen-
sional orthogonal expansion for a composite material is reported in
[1]. Later, a multi-dimensional orthogonal expansion for composite
materials is reported in [2]. Furthermore, a generalized Sturm-Liou-
ville procedure to solve transient heat conduction problems for com-
posites as well anisotropic media was developed and presented in [3].
Others [4-9] examined the transient temperature solution in a two-
and three-dimensional isotropic-composite slab. As reported in [9],
the computation of temperature in multi-dimensional and multi-layer
bodies has special features to be discussed in the next Chapter.

In this Chapter, consideration is given to the determination of the
steady-state temperature field in multi-dimensional orthotropic bod-
ies. This methodology is extended and applied to multi-layer bod-
ies. The computations include the contribution of contact resistance
between adjacent layers. This Chapter includes the selection method

55



56 STEADY STATE HEAT CONDUCTION IN MULTI-LAYER COMPOSITE MATERIALS

for eigenfunctions to be followed by the computation of the eigen-
values.

Figure 3.1 shows a schematic of multi-layer composites. In the ab-
sence of a volumetric heat source, it is acceptable to use superposition
of the temperature solutions by dividing this solution technique into
two parts: The first part considers non-homogeneous boundary condi-
tions at y = 0 and/or y = b while all other boundary conditions are ho-
mogeneous. In the second part, the boundary conditions at y = 0 and/or
y = b are homogeneous while one of the boundaries in x- or z-direction
can have a non-homogeneous condition. Accordingly, the mathematical
formulations presented in this Chapter are for three separate solutions.
The first one describes the solution for a problem with non-homoge-
neous boundary conditions along y = 0 or y = b surface. This leads to
a standard solution technique and a brief presentation is provided. The
emphasis of the second solution is directed toward the case when one or
more non-homogeneous boundary conditions exist along the surfaces
x=0,x=a,z=0, or z= c. The third solution describes the contribu-
tion of a volumetric heat source and this solution technique uses the
eigenvalue determinations presented in the previous two cases. The de-
scribed mathematical procedure is applied to a set of selected examples.

The determination of thermophysical property is widely available in
the literature. A classical thermodynamic relation can produce the spe-
cific heats with reasonable accuracy. The thermal conductivity values of
composites are often determined experimentally as a function of tem-
perature. Experimental and theoretical studies related to the composite

B.C., 1%, 2", or 3" kind

ds
A i d,
Jj=3 -—
b A j=2 d1 x
b2| kA .
bl# layer j=1
vy z=c

A
xX=a
Z B.C., 1% 2" or 3™ kind
FIGURE 3.1. Schematic of a multi-layer body.



CHAPTER 4

Transient Heat Conduction in
Multi-Layer Composite Materials

4.1. INTRODUCTION

RANSIENT heat conduction in multi-layer materials appears in var-
ious engineering cooling systems for different applications. Earlier
works on analytical solutions of heat conduction problems include a
one-dimensional orthogonal expansion for a composite medium report-
ed in [1]. Later, a generalized Sturm-Liouville procedure to solve tran-
sient heat conduction problems for composite and anisotropic domains
was developed and presented in [2]. Others [3—7] examined the tran-
sient temperature solution in the two- and three-dimensional isotropic-
composite slabs. A presentation of transient conduction in multi-layer
bodies is in [8] and a study of steady-state conduction in layered bodies
is reported in [9]. As reported in [8], the computation of temperature in
multi-dimensional and multi-layer orthotropic bodies has special fea-
tures. It is noted that, for special cases, the eigenvalues may become
imaginary and that would produce eigenfunctions with imaginary argu-
ments. Also, it is reported that the spacing between successive eigenval-
ues may change between zero and a maximum value, in some applica-
tions; therefore, it becomes necessary to identify the location of each
eigenvalue. Once an approximate location of an eigenvalue is known,
there are procedures to determine the eigenvalues, as described in [10].
This Chapter includes temperature solutions in multi-layer ortho-
tropic bodies with rectangular profiles. Consideration is given to a body
with layers of different materials one above the other in the y-direction,
as shown in Figure 4.1. The selected thermal conductivities for fiber

103
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B.C., 1% 2" or 3" kind

ds

A j=3 d>
L
b A j=2 d: *

b2 b_t layer j=1
vy yers z=c
|
z B.C., 1%, 2", or3™ kind x=a

FIGURE 4.1. Schematic of a multi-layer body.

reinforced composites have the effective values and they can have di-
rectional dependence while the selected specific heat and density have
the mean values. The mathematical solutions of temperature fields in
multi-dimensional regions are emphasized. Furthermore, the mathe-
matical solutions include the contribution of thermal contact resistance
at the interface between the layers and it vanishes in the presence of
perfect thermal contact.

As stated earlier, the computation of temperature in multi-dimen-
sional, multi-layer bodies exhibits features not commonly observed in
the temperature solutions for homogeneous bodies. Care should be ex-
ercised when computing the eigenvalues; especially when the spacing
between successive eigenvalues can approach to a zero value. It prac-
tice, it is possible to identify the domain within which there is a single
eigenvalue. After that, one can use a root finding technique to accurate-
ly determine the eigenvalues; e.g., the hybrid root finding technique in
[10]. Additionally, this Chapter includes the Green’s function solution.
Further details related to these solutions are in [11,12].

4.2. MATHEMATICAL RELATIONS

The mathematical formulation for transient heat conduction in three-
dimensional multi-layer bodies is the subject of this Chapter. As before,
consideration is given to a multi-layer body as depicted in Figure 4.1.
Analytical formulations for temperature solutions in multi-layer bod-
ies are presented and later consideration is given to three-dimensional
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two-layer bodies. In each layer, the thermo-physical properties can be
viewed to have their effective values; otherwise, a two-step solution is
needed. Although the multi-layer bodies can have isotropic layers, the
diffusion equation for an orthotropic layer j is

0T, T, T, oT;
kx’j axzj +ky’j ayzj +kZ,j azzj :pjcp’ja_tj (41)
when
bj,l <y<bj

For homogeneous boundary conditions, one can propose a solution
of the form

T,(x.y.20=X;(0Y,()Z,(2)T (1) inlayerj  (42)

satisfying the following conditions:

X/ X;=—B> for j=1,2,---,\N (4.32)
Z/Z;=~v* for j=1,2,---,N (4.3b)
I/T;==-A> for j=1,2,---,N (4.3¢c)

In order to satisfy the continuity conditions, the parameters S, v, and
A must remain the same for all layers, independent of j. Therefore, each
parameters £ and v must depend on the specific type of homogeneous
boundary conditions for all layers in the x-direction and the z-direction,
respectively. Then, the differential equations for Y; is obtainable after
substitution for 7; from Equation (4.2) into Equation (4.1) with ¥,, Z,
and I'; as given by Equations (4.3a-c) to yield

ke 1B +hy Y] Yk v =pjc, (=A%) (4.4)
that becomes

),j”:——)«2 +kx_’Jﬁ2 +kz_’j

Y, a,; ky; ky.;

vi=—y; 4.5)
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where sin[2f,,(r; —ry)] = 2sin[f,,(r; — ry)lcos[2f,,(r; —ry)] vanishes for
the boundary conditions of the first kind at » = |, but not for the bound-
ary conditions of the second kind at r = r,.

For the boundary conditions of the second kind at » = r,, the eigen-
values are obtainable by setting

R'(n):%[ﬁsm[ﬁ(r_m)]lr] =0 (4.86a)
which yields
di{lsin[ﬁ(l’—ro)]} =ECOS[[3(H—n))]—lsin[ﬁ(r—ro)]=0
rLr r=r| 1
(4.86b)
and then
_oycos[Bli-n)] 1
B(n rO)—sin[ﬁ(r]—ro)] rl(rl ) (4.86¢)
or
Bri—n)cot (i —n)]=1-" (4.86d)

A

Note that cot?x = (1 — sin?x)/sin’x = cos?x/(1 — cos?x) and this equa-
tion produces sin’x = 1/(1 + cot?x) and cot®x = cot?x/(1 — cot®x). Then,
using these basic relations to sin’xcos’x = cot’x/(1 + cot?x) get that
leads to the relation

. i cot[ B, (i —n)] 4.87
sin[2 3, (ri =10)] 282 2B [1+cot[ By (n—1)I] e

which, as given by Equation (4.32d), yields

(-r /1)

) 4.87b
B (i —1) ( )

cot[ B, (n—n)]=
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4.5.3. One-Dimensional Solutions in Multi-Layer Spheres

One-dimensional mathematical statements leading to the trans-
formed temperature solutions for ¥, = rT(r, t) and ¥, = rT)(r, ¢) are

2

kl@l{;IJ“gl’”:Pwp,]% when 0<r<p (4.88a)
or ot

in Region 1 and

oMy, oY,
k. + g r=pyC
2 0,2 &2r=pP2Cp2 ot

when O<r<n (4.88b)

in Region 2. The boundary conditions, for a two-layer spherical body,
are

Y,=0 when r=0 (4.89a)

WYi(n,6)=Y,(5i,t) when r=n (4.89b)

k{a;” (rl,t)}:k{agjz (rl,t)}(kz—kl)\}'z at r=r (4.89¢)
v v

¥, (r,1)=0 at r=n (4.89d)

The initial conditions, if needed, are: 7(r, 0) = T,, and T,(r, 0) = T,,.
Let the solutions be ¥, (7, 1) = R, (r)['(¢) and W,(7, ) = R,(r)I'(¢), then

[(f)=exp(-A’f) (4.90)
Ry =sin(yr) when r<p (4.91a)

and
Ry=Ccos(nr)+Dsin(nr) when r>n (4.91b)

with

(ki /kz)y cos(yn)

in(nn)/
+(1—k1/kz)sin(yrl)/rl}m(nrl) g

C =Sin(7r1)005(nr1){



CHAPTER 6

Effective Thermal Conductivities

6.1. INTRODUCTION

NE of the important topics in the analysis of composite materi-
Oals is to predict their overall properties known as the “effective
properties.” The effective properties are the mechanical and physical
properties of a homogeneous medium whose overall response is the
same as those of the composite as shown in Figure 6.1, thus, making it
possible to identify the composite with an equivalent homogeneous me-
dium. Finding the effective properties is called “homogenization” and
has a long history of being investigated since the 19th century (see [1]
for background information) exemplified by Maxwell for his “effective
medium” theory for diffusion problems [2].

The interest in obtaining the effective properties of composites in-
cluding the elastic stiffness, the thermal conductivity, the thermal ex-
pansion coefficient and other thermo-mechanical and physical proper-
ties was rekindled in the 1960s as composite materials began to emerge
as the next generation materials drawing attention from industries, and
many books dedicated to this topic have been published [3,4]. Hashin
and Shtrikman [5] derived the upper and lower bounds of the effective
elastic stiffness for multi-phase quasi-isotropic materials using the vari-
ational approach and later extended the model to transversely-isotropic
materials [6]. This approach was also ported to the effective thermal
conductivities [7].

Theoretically, obtaining the effective properties of heterogeneous
materials is called a “many-body problem,” which does not allow exact
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LA

FIGURE 6.1. Definition of the effective thermal conductivities.

and closed-form solutions because it is not possible to take interaction
among a number of inclusions into account. There have been numerous
theories and models proposed to incorporate some interaction among
multiple inclusions. In this Chapter, the effective medium theory by
Maxwell [2], the Mori-Tanaka approach [8], the variational approach
[5,6], and the self-consistent approximation [9—12] are presented.

The effective thermal conductivity, K¢, for an unbounded composite
material is defined as

q=—K‘D (6.1)

where q is the heat flux (a vector), D is the temperature gradient (a vec-
tor) and K is the anisotropic effective thermal conductivity (a matrix).
The volume average of a function, /(x), is denoted as / defined by

h=lim éjﬁh(x)dV (6.2)

Q0

where Q is the entire volume of the composite and dV is the volume ele-
ment. It is known that the volume average of the temperature gradient,
D, is equal to the temperature gradient on the boundary, D*, i.c.,

D=D" (6.3)

Equation (6.3) can be proven using the Gauss divergence theorem as



CHAPTER 7

Thermal Stresses in Composites by
Heat Flow

7.1. INTRODUCTION

HERMAL stress analysis for composite materials is important as

the composite is often used in high temperature environments and
thermal stresses resulting from a mismatch of thermal expansion coef-
ficients or thermal conductivities across the interface between the fiber
and matrix phases may cause catastrophic failure. One of the goals of
obtaining the temperature distribution in composites is to predict the
thermal stresses arising from the non-uniform temperature distribution
and thus possibly preventing the composites from failure due to exces-
sive thermal stresses.

Thermal stress problems belong to elasticity and are not the subject
of this book. However, thermal stress analysis is based on prior knowl-
edge of the temperature distribution in the composite, and many studies
assume that the temperature is uniform throughout which is not the case
with the composite. As it is not the mission of this book to elaborate on
elasticity analysis, only a minimum amount of formulations in elastic-
ity is presented. More detailed discussions are found in [1] and others.
In this Chapter, the thermal stress is solved analytically for an infinitely
extended elastic medium that contains a spherical inclusion with dif-
ferent material properties from the surrounding matrix phase subject to
uniform heat flux at infinity based on the results in Chapter 2, in which
the temperature field was derived for both the inclusion and the matrix
phases under the same condition. It is clear that if a homogeneous body
is placed in a uniform heat flow, there is no stress induced by the heat
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flow. However, if either the thermal conductivity or the thermal expan-
sion coefficient of the inclusion is different from that of the surround-
ing matrix, a non-zero stress field is generated due to the presence of
the heat flux. From the analysis standpoint, thermal stress analysis is
equivalent to a general elasticity problem with a body force present,
because the temperature effect is deemed to be a special case of a body
force and hence if the elasticity equilibrium equation with a body force
is solved, thermal stress problems are automatically solved using the
same procedure ([2,3] for example). Other approaches include the use
of complex variable theory such as [4], but they are limited to two-
dimensional problems.

The solution technique employed in this Chapter is to assume that
the displacement field in the medium is expressed in a form proportion-
al to the temperature gradient at infinity since the temperature gradient
(heat flux) at infinity is the only source for the induced stress [5]. Under
this assumption, the displacement field for the displacement equilibri-
um equation is solved analytically based on the solution for the steady-
state temperature distribution obtained in Chapter 2. The thermal stress
field is then obtained after imposing the condition that the displacement
and surface traction at the interface of the inclusion and the matrix are
continuous.

7.2. REVIEW OF THERMAL STRESSES

In the absence of applied stress, a temperature change, 7 (a scalar),
in an elastic body induces a strain field, ¢ (a second rank tensor). The
simplest relationship between the strain, ¢, and the temperature change,
T, is to assume that they are linearly proportional each other with a (a
second rank tensor) as the proportionality factor expressed as

e=al (7.1)
or equivalently in components expressed as

Exx gxy Exz Oy axy (02
- 2
Exy Eyy Eyz =] Oy Oy Oy | T (7.2)
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The strain, &, is the infinitesimal strain whose components are related
to the displacement components (u, v, w), as



