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Preface to the Updated Edition

This updated edition of Stress Analysis of Fiber Reinforced Composite Mate-
rials contains the same material as the original, with important exceptions.
Typographical errors, identified by readers and reviewers, have been cor-
rected. Changes were made to a number of figures to increase their clarity.
Equations were modified to increase consistency throughout the text, and
wording in many of the Exercises was edited to clarify what is being asked.

The book is intended as an introductory text for upper level undergradu-
ate engineering students or first year graduate students. However, the book
has proven to be useful for practicing engineers who find it necessary to
understand the behavior of composite materials. The book emphasizes the
mechanics of a stress and deformation analysis of fiber-reinforced materials as
opposed to, for example, a materials science viewpoint. Exercises, including
computer oriented exercises, are included within most chapters.

One key feature of the book, and one that sets it apart from other books
on the subject, remains the series of example problems that are discussed
throughout the text, starting with rather simple problems in Ch.4 that are
then expanded upon in subsequent chapters. This series of problems uses the
same material properties throughout so the impact of the elastic and thermal
expansion properties for a single layer of fiber-reinforced material, in this case
graphite-epoxy, on the stress, strains, elastic properties, thermal expansion,
and failure stresses of cross-ply and angle-ply symmetric and unsymmetric
laminates can be evaluated. Furthermore, calculations for various steps of the
stress and deformation analysis of a laminate discussed in later chapters
require combining simpler calculations from previous chapters, so using
the same material properties throughout allows the example problems to
conveniently build upon each other as the chapters progress and illustrate
how concepts are linked. To provide examples of the unique and sometimes
complicated deformation properties of fiber-reinforced materials, examples
are sometimes reworked using the properties of aluminum, and the stresses
and deformations of aluminum compared with those of graphite-epoxy. Users
of the text have commented on how much they like the number and style of
the example problems.
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A second key feature is the consideration of thermally-induced effects due
to curing, both in the context of laminate deformation, but also in the context
of material failure. While the stresses and strains due to applied loads are
calculated in many example problems, the reader is reminded that composite
materials are cured at an elevated temperature and then cooled to a service
temperature. The thermally-induced stresses and strains can add to or subtract
from those due to applied loads.

Another feature, and one unique to this book, is the emphasis on the dif-
ference between specifying the applied loads, i.e., force and moment results,
which is often the case in practice, versus specifying strains and curvatures
and determining the subsequent stresses and force and moment resultants.
This is a fundamental issue through all of solid mechanics and example
problems included specifically to illustrate the difference are included.

As the example problems throughout the text represent the types of cal-
culations that are required by researchers and designers working with fiber-
reinforced composite materials, computer programming assignments are also
included as recommended exercises in each chapter. As the calculations
require coordinate transformations, frequent referencing of the fiber angle
in each layer, computing strains in each layer, stresses in each layer, and
the thermal effects in each layer, and are susceptible to algebraic errors,
particularly as the number of layers in the laminate increases, it is rec-
ommended to the reader that key steps be programmed. Thus the simpler
calculations of the early chapters can be programmed and checked relative to
the example problems in those chapters, then those programming steps can
be combined with other programming steps in later chapters and checked
relative to the later more complicated example problems. The net result is
a fairly comprehensive analysis tool authored by the reader and which can
be changed as the need arises. This consideration of programming exercises,
and checking them relative the example problems, has educational as well as
practical advantages. For the interested reader, several programs written in
FORTRAN are available which perform some of the calculations discussed
in the book.

The chapter topics of this updated edition are the same as those outlined
in the Preface to the Original Edition. Activities in the final chapter on
manufacturing, e.g., hand lay-up, are designed to be carried out by students.

A note before closing. The Boeing 787 commercial transport and the very
large wind turbines, such as those manufactured by Vestas Wind Systems,
are but two examples of achieving designs virtually impossible without the
use of fiber-reinforced composite materials. These examples have provided
considerable motivation for updating this book, which was first published
in 1998. Designs such as these are only possible by understanding the me-
chanical behavior of composite materials at the fundamental level, a primary
purpose of this book and one which remains timely.
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Finally, a note of thanks to DEStech Publications, Inc., materials science
and engineering publishers, for the opportunity to continue to offer this book
to the composites community, newcomers as well as establisher instructors
and researchers. In particular, the encouragement and efforts of Anthony
Deraco, DEStech president, Dr. Joseph L. Eckenrode, publisher, and Stephen
Spangler, production manager, are much appreciated.

M.W. Hyer
Virginia Tech
September, 2008






Preface to Original Edition

Approach

This book focuses on the mechanics aspects of fiber-reinforced composite
materials. By mechanics is meant the study of equilibrium, stress, strain, de-
formation, elastic properties, failure theories, and the linkages between these
topics. A significant portion of the book emphasizes the use of mechanics
to study the stresses due to applied deformations, loads, and temperature
changes. Since interest in fiber-reinforced composite materials stems mainly
from their ability to withstand high stress and deformation levels, such an
emphasis centers on important issues.

No prior knowledge of composite materials is assumed. Only the basic
concepts introduced in an undergraduate strength-of-materials course are
necessary. The book is intended for use at the senior undergraduate or first-
year graduate levels in any engineering curriculum designed to explore the
behavior and performance of these advanced materials. Mechanical engineers
interested in considering composite materials for automobiles or trucks and
flywheels for energy storage, civil engineers investigating the application of
composite materials to infrastructure, aerospace engineers studying advanced
airframe design, and biomedical engineers developing lightweight composite
materials for bone replacement and repair will find the book valuable.

A strong feature of the book is the use of a set of examples that is
introduced early and then built upon as additional concepts are developed.
This set of examples provides continuity to the discussion and allows the
reader to evaluate the impact of more complicated issues on the stresses
and deformations of fiber-reinforced composite materials as the book pro-
gresses. A second strong feature is the reminders of the implications of the
various simplifying assumptions used to study the mechanical behavior of
fiber-reinforced materials. These reminders are designed so the reader does
not misinterpret the theories and results, and is able to evaluate outcomes
based on the concepts presented. Many authors do not take the time or
space to do this. A further helpful feature is the substantial coverage of
thermal effects in composites, specifically the far-reaching effects of thermally

xvii



xviii Preface to Original Edition

induced deformations and stresses due to residual effects. With composite
materials being envisioned for construction of high speed civilian airplanes,
the coverage of thermal effects is timely. Also, a number of characteristics
of fiber-reinforced materials are difficult to include in design and analysis
procedures and are often difficult to fully comprehend. Specifically, the elastic
couplings inherent in fiber-reinforced materials are often designed around, at
some cost in design efficiency, or are assumed to be zero to simplify analysis
procedures. This book counters this tendency by addressing the topic and
by viewing elastic couplings as characteristics that can be used to aspire to
designs not possible with metallic materials.

Because so many subtleties are involved with understanding and effectively
using fiber reinforced composite materials, an in-depth view of a limited
number of topics, rather than an overview of many topics, is offered. After
working through this text, the reader will be well-versed in the details of
important calculations and their impact on results. This book provides enough
information so that students and engineers will know what questions to ask
and find it easy to proceed to other resources on the subject.

Learning Aids

Many of the chapters include a list of suggested readings. Taken from well-
known and readily available archival journals and books, the readings are
selected to reinforce the principles presented in this book, expand on the
concepts, and provide information on topics not discussed.

The notation used in this book is widely used. Important equations are
enclosed in boxes for handy reference. One set of material properties, repre-
senting an off-the-shelf intermediate modulus polymer matrix graphite-fiber
material, is used throughout. This feature, coupled with the continuing use
of a set of examples, provides additional continuity from chapter to chapter.
There are assigned exercise sets at the ends of many of the sections, which
emphasize the fundamentals presented in that section. The exercises, though
simple in the early chapters, become more involved as the book progresses.
The exercises should be completed in conjunction with the sections where
they are assigned, as opposed to reading ahead and then returning to previous
sections to finish the exercises.

Computer exercises are also included. A number of steps for studying the
response of composite materials are the same from one problem to the next.
Programming these steps is recommended, and this activity forms the basis
for these computer exercises. In this way it is possible to concentrate on
the physics of the results, rather than on the algebra. In fact, the computer
programming assignments are such that by the middle of the book the reader
will have a computer program that can be used to predict some of the more
important responses of composite materials, for example, stresses, strains,
and thermal expansion coefficients. More importantly, because the programs
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are created by the reader, making changes, adapting them to special cases,
changing the output, and so on, can easily be done, given the reader’s
knowledge of the unique situations to which the programs apply. In addition,
the programs can be used to help complete some of the more complicated
assigned exercises.

Contents

Chapter 1 provides a brief overview of the concept of fiber-reinforced materi-
als—why fiber reinforcing can be used to achieve high-performance materials,
and how the fiber and the material surrounding it, the matrix, interact. The
chapter relies to a large degree on a materials science viewpoint to describe
fibers, matrix materials, and fiber sizings. It is important for the mechanics
minded specialist to be aware of the terminology and these basic ideas,
particularly if working in an interdisciplinary environment.

Chapter 2 introduces the three-dimensional stress-strain behavior of a com-
posite material that is used as the basis for discussion throughout the text. It
is assumed that the fibers and matrix are smeared into a single homogeneous
orthotropic material, and the chapter focuses on the response of a small,
isolated element of this homogeneous material. The compliance and stiffness
matrices are defined, and typical material properties for graphite reinforced
and glass-reinforced materials are given. The chapter uses simple examples to
emphasize the importance of a three-dimensional stress state. Also discussed
is the response of an isolated element of material to temperature change.

Chapter 3 presents a brief overview of micromechanics. Unit cell models
are studied with the aid of finite-element analyses. No finite-element theory is
discussed; rather, emphasis is on the stresses within the unit cell as a function
of fiber volume fraction. As a contrast to the numerically based finite-element
models, the well-known concentric cylinders model, which is based on the
theory of elasticity, is briefly introduced. Finally, several rule-of-mixture
models are presented. One of the valuable results of Chapter 3 is that simple
working expressions are developed to provide estimates of composite elastic
and thermal expansion properties from the properties of the fiber and matrix.

As it is one of the most frequently used key assumptions in the analysis of
the mechanical behavior of materials, the plane-stress assumption is the sole
topic of Chapter 4. The three-dimensional stress-strain behavior of Chapter 2
is simplified to account for the plane-stress assumption, including thermal
and moisture expansion effects. The consequences of these simplifications
are emphasized with numerical examples.

Chapter 4 is coupled with, and leads directly into, Chapter 5, which
discusses the plane stress stress-strain relations in a coordinate system not
aligned with the principal material directions—a so-called global, or off-axis,
coordinate system. Through simple examples, the response of an element
of fiber-reinforced material with its fibers aligned at an angle relative to the
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coordinate system is described and quantified in detail. Counterpart examples
using aluminum to dramatize the unusual response of composite materials are
included. The engineering properties of an off-axis element of fiber-reinforced
material are defined, and the coefficients of mutual influence are introduced.

Chapters 6, 7, and 8 constitute the central theme of the book, namely, the
analysis of the response of composite laminates under the assumptions of
classical lamination theory. Chapter 6 addresses another key assumption of
the analysis of mechanical behavior of materials, the Kirchhoff hypothesis.
Its implications are illustrated through a series of examples that are built
upon in subsequent chapters. Because the Kirchhoff hypothesis is a kinematic
assumption, its impact on the variation of the strains through the thickness
of a laminate is first considered. Then, following the previously discussed
plane-stress stress-strain relations, the stress variation through the thickness
of the laminate is related to the strain variation through the thickness. The
strains and stresses in the example problems are considered in detail. From the
way the stresses are observed to vary through the thickness of the laminate,
the definition of force and moment results seems natural. These quantities
are informally defined, and the force and moment resultants for the example
problems are computed strictly on physical grounds.

In Chapter 7, the force and moment resultants are formally defined, and as
a result, the classical 4, B, and D matrices are introduced. The calculation of
the elements in each of these three matrices is detailed, and simplifications of
the matrices for special but important laminates are presented. Considerable
discussion is provided to interpret the physical meaning of the various off-
diagonal terms in the A and D matrices, and the meaning of the B matrix.

Chapter 8 presents other examples of laminate response based on the
assumptions of classical lamination theory. Force-based counterpart exam-
ples to the kinematics-based examples of Chapter 6 are presented, and the
results contrasted. The emphasis on basic principles, such as differentiating
between specifying kinematics and specifying forces or moments, is one of
the powerful features of this book.

Chapters 9 and 10 introduce the topic of failure of fiber-reinforced compos-
ite materials. Chapter 9 introduces the maximum stress failure criterion. The
various failure modes associated with fiber-reinforced composite materials are
introduced. In addition, to illustrate the criterion, and as realistic examples
of results, several cases involving both simple and combined loading of
laminates are presented. Failure loads and failure modes are predicted.

Chapter 10 introduces the Tsai-Wu failure criterion. This criterion was
chosen because it considers interaction of the stress components as a possible
cause of failure, in contrast to the maximum stress criterion, which assumes
failure is due to only one stress component. The Tsai-Wu criterion is used
to predict the failure loads and modes for the same cases considered using
the maximum stress criterion in the previous chapter. The results of the two
criteria are contrasted.
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Chapter 11 discusses the effect of a temperature change on the response
of laminates. This is a major chapter in that it revisits classical lamination
theory and the failure theories, but with the inclusion of thermal effects.
Several of the example failure problems solved earlier without thermal effects
are re-solved with thermal effects included. The thermal effect considered is
the cooling from the consolidation temperature of the laminate, which is a
residual thermal effect due to curing of the composite material.

Chapter 12 considers a topic that is often forgotten in books dealing
with classical lamination theory—through-thickness strain effects. Through-
thickness Poisson’s ratios and coefficients of thermal expansion in the thick-
ness direction are defined and illustrated in this brief and important chapter.

In Chapter 13 the mechanics of composite plates are introduced. The plate
is assumed to obey all the assumptions of classical lamination theory, and
the differential equations governing the plate are derived from equilibrium
considerations. The boundary conditions that must be enforced along the
edges are presented. For demonstrating some of the important effects found
with composite plates, several semi-infinite plate problems that can be solved
in closed form are considered. The influence of various boundary conditions
and the coupling of boundary conditions with the B matrix for unsymmetric
laminates are discussed. Finally, a finite, square, uniformly loaded, laminated
plate is studied by using a series solution. With both the semi-infinite and
square plates, stresses are also discussed. The point of the chapter is not
a comprehensive view of composite plates; rather, the chapter serves as a
bridge between the study of the response of the small, isolated elements of
composite materials in the preceding chapters and the study of structural
elements—the plate is one of the simplest.

Chapter 14, the Appendix, provides an overview of the manufacturing
of composites. The fabrication and processing phases are considered, and a
pictorial essay of the hand lay-up technique is provided so the important steps
can be emphasized. The roles of release agents, peel plies, breather plies, and
other specialty materials are described. The processing phase, with emphasis
on autoclave processing, is briefly considered. Other forms of manufacturing,
such as filament winding and pultrusion, are identified.

Supplements

An answer book for all the exercises is available for the instructor. Separate
FORTRAN programs are available to compute the following: the engineering
properties E, vi», E», and G, from fiber and matrix properties; the com-
ponents of the 6 x 6 compliance and stiffness matrices and the components
of the 3 x 3 transformed reduced compliance and stiffness matrices, for
the various stress-strain relations, from the engineering properties; laminate
stiffness and thermal expansion properties from layer engineering properties
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and fiber orientations; and the stresses and strains through the thickness of a
laminate due to given deformations, given force and moment resultants, or a
given temperature change.
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CHAPTER 1

Fiber-Reinforced Composite Materials

1.1 Background and Brief Overview

Studies of strong, stiff, lightweight materials for application to diverse
structures—from aircraft, spacecraft, submarines, and surface ships to robot
components, prosthetic devices, civil structures, automobiles, trucks, and rail
vehicles—focus on using fiber-reinforced materials. But why are fibers getting
so much attention? To answer this question, one must know something
about material science and, in particular, about the molecular bonds that
hold matter together. Even though this book is devoted to the mechanics
of composite materials, because the fiber form is such a central concern,
we will begin this chapter with a presentation of the basic concepts in
material science associated with fiber reinforcement. Figure 1.1 illustrates
a basic unit of material. At the corners of the unit are atoms or molecules
held in place by interatomic bonds. The figure shows that this basic unit of
material has directionally dependent properties. To varying degrees, many
common materials, including iron, copper, nickel, carbon, and boron, have
directionally dependent properties, with the directional dependence being due
to the strengths of the interatomic and intermolecular bonds. The bonds
are stronger in some directions than in others, and the material unit is
very stiff and exhibits considerable strength in the direction of the stronger
bond. Unfortunately, the favorable properties found in one direction usually
come at the expense of the properties in the other directions. In directions
perpendicular to the stiff and strong direction, the material is much softer and
weaker. Other properties like electrical conductivity and heat conduction can
also be directionally dependent.

When material is processed and fabricated in bulk form (e.g., in manufac-
turing steel billets, you start with molten steel and pour it into a billet form),
the units of material are more or less randomly oriented within the volume
of material (see Figure 1.2). As a result of random orientation, the bulk
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FIGURE 1.1. Basic unit of material.

material has the same properties in all directions. Generally, the properties of
the bulk material reflect the poorer properties of the unit in Figure 1.1; the
properties of the bulk material are determined more or less by the properties
of the weakest link of the unit. Having the same properties in all directions
is referred to as having isotropic behavior (the prefix iso means equal). Thus,
the tensile strength of a specimen cut from a larger piece of steel or aluminum
is independent of the direction the tensile specimen is machined from. (In a
strict sense, this is not true; for instance, rolling metal into a sheet alters the

Strong, stiff
direction

FIGURE 1.2. Several basic units of material oriented randomly in bulk volume of
material.
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microstructure of the material and causes it to have different properties in the
roll direction than in directions perpendicular to the roll.)

If you can process the material in a manner that permits you to align the
strong and stiff directions of all the basic material units, you can preserve
some of the high strength and stiffness properties of a single unit, thereby
countering isotropic behavior. Processing so that the strong and stiff directions
of all the units align results in a long, thin element of material referred to as
a whisker (see Figure 1.3). In reality, whiskers are quite small and, compared
to bulk material, have very high strength and stiffness in the lengthwise
direction. A typical whisker may be 1 —10x 10~ m in diameter and 10-100
times as long. With care in processing, the properties of microscopic whiskers
can be very close to the ideal properties of a single unit. Unfortunately,
attempting to lengthen a whisker by adding more basic units can cause
imperfections and impurities. For crystal-like whiskers such as graphite,
the imperfection may be a dislocation or the absence of a carbon atom.
For polymeric fibers such as Kevlar®, foreign matter is a possibility. These
deviations from ideal form significantly influence the strength and stiffness
of the whisker and become the weak link in the material. Imperfections also
cause an increase in both thermal and electrical resistance, leading to degraded
conductive properties. Because there is no way to align them, whiskers used
for reinforcement generally have a random orientation within the material,
and so the reinforced material still has isotropic properties.

As more basic material units are added to the length of a whisker, it
becomes what is called a fiber. Fibers have significant length, so they can
be easily aligned in one direction to provide selective reinforcement within
another material. A fiber contains many units in its length, and thus it has a
greater chance of having an imperfection. As a result, a fiber is weaker than
a whisker. The strength properties of fibers are a random variable. Testing
10,000 fibers would result in 10,000 different strength values. Obviously,
you can use such raw strength data to form a probability distribution of
the strength. The average strength and the scatter (variance) of the strength
become important quantities in describing the properties of a fiber. Because of
the random nature of fiber strengths, many researchers employ probabilistic
methods to study the strengths of composite materials.

Some fibers, especially most forms of graphite fibers, have such small
diameters that they are more conveniently handled in groups. A group of

Strong, stiff
direction

FIGURE 1.3. Several basic units of material processed so their strong and stiff
directions coincide.
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fibers is called a fiber tow, or simply a tow, and consists of from hundreds to
hundreds of thousands of fibers. A tow is like a rope made of fibers, though
generally without the complicated interlocking twist and braid patterns.

1.2 Utilizing the Strength of Fibers

Once you can produce strong, stiff material in the form of fibers, there
immediately comes the challenge of how to make use of the material: The
fibers need to be aligned with the load, the load needs to be transferred into
the fibers, and the fibers need to remain aligned under the load. Equally
important, the fibers need to be in a format that makes them readily available
and easy to use. Figure 1.4 illustrates the basic mechanism used to transfer
a tensile load, F, into a fiber tow. Essentially, the fiber tow is embedded
in, surrounded by, and bonded to another material; see Figure 1.4(a). The
material, which is usually softer and weaker, not only surrounds the tow, but

Section

Matrix material

(a) Fiber surrounded by matrix

(b) Section view

Stress

Characteristic
distance

T

Distance from end of fiber

(c) Character of fiber stress distribution

FIGURE 1.4. Load transfer to fiber: Tension.
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it also penetrates the tow and surrounds every fiber in the tow. The embedding
material is referred to as the matrix material, or matrix. The matrix transmits
the load to the fiber through a shear stress, r. This can be seen in the
section view, Figure 1.4(b), along the length of the fiber. Due to F', a shear
stress acts on the outer surface of the fiber. This stress, in turn, causes
a tensile stress, o, within the fiber. Near the ends of the fiber the shear
stress on the surface of the fiber is high and the tensile stress within the
fiber is low. As indicated in Figure 1.4(c), as the distance from the end of
the fiber increases, the shear stress decreases in magnitude and the tensile
stress increases. After some length, sometimes referred to as the characteristic
distance, the shear stress becomes very small and the tensile stress reaches
a maximum value. This tensile condition continues along the length of the
fiber. Generally, this characteristic distance is many times smaller than the
length of the fiber.

For loading the fiber in compression (see Figure 1.5), the issue of fiber
buckling must be addressed. If the shear stress on the end of the fiber in
Figure 1.4(c) is reversed, then the stress within the fiber becomes compressive
and attains a maximum value at some distance from the end. This is exactly
like the tension case except that the fiber responds quite differently to a
compressive load; specifically, the fiber tends to buckle. The compressive
resistance of some types of fibers is so poor that they will kink and fold,
much like a string loaded in compression. Other fibers are quite stiff and act

Fiber Matrix material
- ] ] -
—_— I -—
F—» -~ F
— —

(a) Section view

VIV ITEITATIANIIA

«—— Lateral restraining
effect of matrix

O —> - O

/777777 777 777 777

(b) Supporting effect of matrix

FIGURE 1.5. Load transfer to fiber: Compression and the lateral restraint provided
by the matrix.
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like very thin columns; they fail by what might be considered classic column
buckling. To prevent the fiber from kinking, folding, or buckling due to a
compressive load, it must be restrained laterally, and the matrix provides this
restraint. To use a rough analogy, the fiber and matrix in compression are
like a beam-column on an elastic foundation. As you might expect, in the
presence of a compressive loading, any slight crookedness or waviness in the
fiber can be quite detrimental.

Up to this point, we have focused on the idea of a single fiber or fiber tow,
how loads are transmitted into it, and how it is prevented from buckling. The
matrix serves both these roles. In addition, the matrix keeps the fibers aligned
and in a parallel array. A cross section of a graphite-fiber-reinforced epoxy
matrix composite is illustrated in Figure 1.6. The lighter circles are graphite
fiber. Evident in Figure 1.6, in the upper left, is a region with no fibers, a
so-called resin-rich region. Such regions can occur, and care should be taken
to ensure they do not occur frequently. The embedding of strong, stiff fibers
in a parallel array in a softer material results in a fiber-reinforced composite
material with superior properties in the fiber direction. Clearly, the material
properties perpendicular to the fiber direction are not as good. Recall that
in an assemblage of basic units making up the fiber, as in Figure 1.3, the
poorer properties of the basic unit are transverse to the lengthwise direction
of the fiber. Therefore, to load a composite material perpendicularly to the
fiber direction is to load the fiber in the soft and weak diametral direction
of the fiber. In addition, if a composite material is loaded perpendicularly
to the fiber direction, commonly referred to as the transverse direction, not
all of the load is transmitted through the fiber. A portion of the load goes
around the fiber and is entirely in the matrix material. This can be seen if it
is imagined that the cross section of Figure 1.6 was subjected to horizontal
tensile forces on the left and right edges of the figure. The fact that the
fibers do not touch means some of the load must be transferred through
the matrix. The poorer transverse properties of the fiber, coupled with the
softer and weaker properties of the matrix, lead to poor properties of the
composite in the direction perpendicular to the fibers. In addition, and more
importantly, the transverse properties of the composite depend to a large
degree on the integrity of the interface bond between the fibers and matrix.
If this bond is weak, the transverse properties of the composite material
are poor, and a poor interface leads to poor transverse strength. Progressive
failure of the interfaces leads to what can be interpreted as low stiffness
in the transverse direction. A poor interface results in high resistance to
thermal and electrical conduction. Considerable research is directed toward
improving the bond at the interface between the fiber and matrix by treating
the surface of the fiber before it is combined with the matrix material to
form a composite. Thus, as Figure 1.7 summarizes, though the use of fibers
leads to large gains in the properties in one direction, the properties in the
two perpendicular directions are greatly reduced. In addition, the strength
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FIGURE 1.6. Cross section of graphite-reinforced material.

and stiffness properties of fiber-reinforced materials are poor in another
important aspect. In Figure 1.8, the three basic components of shear stress are
being applied to a small volume of fiber-reinforced material, but in neither
case is the inherent strength of the fiber being utilized. In all three cases
the strength of the composite depends critically upon the strength of the
fiber-matrix interface, either in shear, as in Figure 1.8(a) and (c), or in
tension, as in Figure 1.8(b). In addition, the strength of the matrix material
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FIGURE 1.7. Poor transverse properties.

is being utilized to a large degree. This lack of good shear properties is
as serious as the lack of good transverse properties. Because of their poor
transverse and shear properties, and because of the way fiber-reinforced
material is supplied, components made of fiber-reinforced composite are
usually laminated by using a number of layers of fiber-reinforced material.
The number of layers can vary from just a few to several hundred. In a
single layer, sometimes referred to as a lamina, all the fibers are oriented in
a specific direction. While the majority of the layers in a laminate have their
fibers in the direction of the load, some layers have their fibers oriented
specifically to counter the poor transverse and shear properties of fiber-
reinforced materials. Despite these poor transverse properties, however, the
specific strength, namely, strength normalized by density, and the specific
stiffness, stiffness normalized by density, of composite materials are much
greater than that of a single homogeneous material. Consequently, the weight
of a structure utilizing fiber reinforcement to meet strength and stiffness
requirements is reduced.

Stress state { ﬁ F ‘ 4 _ k
on fiber / \ —

FIGURE 1.8. Poor shear properties.
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1.3 Laminae and Laminates

Figure 1.9 shows a through-thickness cross section of an 11-layer flat lami-
nate, with the layers not all having the same fiber orientation. This laminate,
which is fabricated from carbon-based fibers in an epoxy matrix and is just
over 3 mm thick, consists of five layers with their fibers oriented left and right
on the page (the lighter strips), and six layers with their fibers oriented in and
out of the page (the darker strips). For the layers with fibers perpendicular
to the page, the tows have been sliced perpendicular to their length, while
for the layers with fibers in the plane of the page, the tows have been sliced
along their length. A closer view of the layers with their fibers oriented out
of the page would look like Figure 1.6. This laminate is intended for use in
a situation where there is slightly more load out of the page than there is
across the page, and it would not be useful for shear loadings in the plane of
the laminate. However, instead of having layers with fibers oriented at 90°
to one another, if the fiber angles in some of the layers were oriented at 30°,
45°, or 60°, some inplane shear could be tolerated. A laminate subjected to
both shear and tension may need fibers oriented at 45° to react the shear
load, and at 0° and/or 90° to react the tensile load. The percentage of fibers
to use in each orientation depends on the relative magnitudes of the tensile
and shear loads.

The issues of fiber orientation, layers, and tension requirements versus
shear requirements lead us to questions related to composite materials in
a more general sense. How do we determine the fiber orientations for the
best performance in a particular application? How many layers are required?
How stiff should the fibers be? How strong? How detrimental are the poor
transverse and shear strengths? To answer these questions we must develop
the tools to help us understand the response of fiber-reinforced composite
materials to applied loads. These tools will allow us to answer questions
regarding the stress and strain states within a fiber-reinforced material. More
importantly, they will allow us to identify the specific advantages of utilizing
fiber-reinforced materials. However, these matters must be addressed in the

FIGURE 1.9. Cross section of an 11-layer graphite-reinforced flat laminate.
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context of a particular application. For instance, one must consider the cost of
using composite materials, including the cost of determining the final design.
The cost to use composite materials may include education in the subject of
composite materials, equipment to process and machine composite materials,
and software to analyze composite materials. These are not trivial issues.

In the next chapter, we will begin laying the foundations that will allow us
to answer many of these questions. Before proceeding, however, so that the
foundations to be presented may be viewed in context, the next sections will
present some of the important issues related to the production of fibers and the
synthesis of matrix materials. Since most advanced composite materials are
based on polymer matrices, we will emphasize these materials. Despite their
high cost compared to polymer matrix materials, metals, such as aluminum
or titanium, are sometimes used as a matrix, and many of the polymer matrix
mechanics issues discussed in later chapters are equally valid for metal matrix
composites.

1.4 Fibers

Boron fibers were used in early composite structures. Currently, three types
of fiber reinforcements are in common use in polymer matrix composites,
namely, carbon-based or graphite fibers, glass-based fibers, and synthetic
polymeric fibers such as Kevlar. The basic building blocks for these three
fibers are carbon, silicon, oxygen, and nitrogen, which are characterized by
strong covalent interatomic bonds, low density, thermal stability, and relative
abundance in nature.

1.4.1 Carbon-Based Fibers

To make carbon-based fibers, you begin with a precursor fiber. Early precursor
fibers were made from commonly available rayon. Thornel 40®, from Union
Carbide, and HMG-50® from Hitco are examples of early rayon-derived
fibers. The yield of fiber from rayon precursor is relatively low. Currently,
polyacrylonitril (PAN) precursor fibers are most commonly used. T300® from
Toray and Type A® from the former Hercules are typical PAN-derived fibers.
Precursor fibers made from pitch are also in use. Other precursors, such as
phenolics, polyimides, and polyvinylalcohols, have been used but to a lesser
degree. Ultimate fiber mechanical properties are not significantly affected by
the type of precursor. However, the processing techniques are much different
among the various precursors. In general, high-modulus carbon-based fibers
are produced by carbonizing organic precursor fibers, and then graphitizing
them at very high temperatures. Preferential orientation is achieved in the
fibers by stretching them at various stages of processing. This stretching



CHAPTER 9

Failure Theories for Fiber-Reinforced
Materials: Maximum Stress Criterion

Failure of a structural component can be defined as the inability of the
component to carry load. Though excessive deformation with the material
still intact, as is the case for buckling, can certainly be considered failure in
many situations, here failure will be considered to be the loss of integrity
of the material itself. In the most basic sense, molecular bonds have been
severed. If a fail-safe philosophy has been employed in the design of the
structural component, then failure is not necessarily a catastrophic event.
Rather, failure causes a load redistribution within the structure, a permanent
deformation, or some other evidence that load levels have become excessive.
The structure is still functional to a limited degree, but steps must be taken
if continued use is to be considered.

Failure of fiber-reinforced materials is a complex and important topic, and
studies of failure are an ongoing activity. For polymer-matrix composites,
because the fiber direction is so strong relative to the other directions, it
is clear that failure must be a function of the direction of the applied stress
relative to the direction of the fibers. Causing failure of an element of material
in the fiber direction requires significantly more stress than causing failure
perpendicular to the fibers. Tensile failure in the fiber direction is controlled
by fiber strength, while tensile failure perpendicular to the fibers is controlled
by the strength of the bond between the fiber and matrix, and by the strength
of the matrix itself. But what about the case of a tensile stress oriented at 30°
relative to the fibers? We know that for this situation the stress component in
the fiber direction, o, the stress component perpendicular to the fibers, o5,
and the shear stress, 712, can be determined using the stress transformation
relations. Which stress component controls failure in this case? The stress
component in the fiber direction? The stress component perpendicular to the
fibers? The shear stress? Or is it a combination of all three? Because we are
now in a position to calculate the stresses in the class of composite structures

387
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that satisfy the assumptions of classical lamination theory, it is appropriate
to turn to the subject of failure and ask these questions.

There are many issues and controversies surrounding the subject of failure
of composite materials. The matrix material of polymer matrix composites
may be ductile and exhibit substantial yielding when subjected to high stress
levels, and this yielding weakens support of the fiber, or degrades the mecha-
nisms that transfer load into the fibers. On the other hand, the matrix material
may be brittle and exhibit significant amounts of cracking around and between
fibers as the stress level increases. This cracking will strongly influence the
manner and efficiency with which load is transferred into the fibers, and
strongly influence the performance of the material. In contrast, failure may
be due to the fibers breaking or the fibers debonding and separating from the
matrix. Subjected to a compressive load in the fiber direction, the fibers may
buckle and deform excessively.

Clearly, we must consider many mechanisms when studying failure. In
reality, failure is often a combination of several of these mechanisms, or
modes. Failure can simply be the final event in a complex and difficult-to-
understand process of damage initiation and accumulation within the material.
A structure consists of multiple layers of fiber-reinforced materials, and even
multiple materials, and there are multiple fiber directions and a range of load
levels and load types. Consequently it is easy to understand why failure of
fiber-reinforced composite structures is a difficult topic. Even with a single
layer of material, the issues can be quite complicated. As a result, there
have been many studies of failure. Each serious user of composite materials
tends to develop their own philosophy about failure, based on the application,
the material system, and their experience with testing and experimentation.
Each large-scale commercial user of composite materials spends much time
and capital gathering data to develop criteria and establish design stress
levels.

While it is important to understand the mechanisms of failure, for many
applications it is impossible to detail each step of the failure process. In
the interest of utility, a failure criterion should be reducible to a level that
can provide a means of judging whether or not a structure is safe from
failure by knowing that a particular stress or combinations of stresses, or
combination of strains, is less than some predetermined critical value. The
failure criterion should be accurate without being overly conservative, it
should be understandable by those using it, and it should be substantiated
by experiment. A number of criteria have been proposed; some are rather
straightforward and some are quite involved. The maximum stress criterion,
maximum strain criterion, and failure criteria that account for interaction
among the stress components are commonly used. This is because of the
physical bases that underlie these criteria, particularly the maximum stress
criterion and the maximum strain criterion. In addition, many of the criteria
are simple variations of these, and the variations are based on experimental
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observation or on slightly different physical arguments put forth by the
individuals identified with the criterion.

A legitimate question to ask at this point is, why are there a number of
criteria? Isn’t one sufficient? The answer is that no one criterion can accu-
rately predict failure for all loading conditions and all composite materials.
This is true for isotropic materials—some fail by yielding, others fail by
brittle fracture. If we view failure criteria as indicators of failure rather than
as predictors in an absolute sense, then having a number of criteria available,
none of which covers all situations, becomes an acceptable situation.

In this book we will examine the maximum stress and the Tsai-Wu criteria.
These two are chosen because they are among those commonly used for
polymer-matrix composites. They represent a divergence of philosophies as
to whether or not interaction between stress components is important in
predicting failure. Also, by examining any particular criterion, we can present
the issues that must be addressed when discussing failure of fiber-reinforced
material. By incorporating a particular criterion into a stress analysis of a
laminate, failure predictions are possible. The fact that several criteria are
commonly used introduces the possibility of determining if using different
criteria results in contradictory or similar predictions as to the stress levels
permitted and the failure modes expected. Also, a detailed discussion of one
or two basic criteria will allow you to form your own opinions regarding
failure criteria.

As with the study of the stress-strain behavior of fiber-reinforced material,
we shall approach the study of failure of a fiber-reinforced material by
examining what happens to a small volume element of material when it is
subjected to various components of stress. This is in keeping with the fact that
stress is defined at a point, so logically we must assume that failure begins
when certain conditions prevail at a point. We will continue to consider the
fibers and matrix smeared into an equivalent homogeneous material when we
are computing stresses, but to gain insight into the mechanisms that cause
failure, it is useful to keep the separate constituents in mind. To that end,
consider Figure 9.1; in the fiber direction, as a tensile load is applied, failure
is due to fiber tensile fracture. One fiber breaks and the load is transferred
through the matrix to the neighboring fibers. These fibers are overloaded,
and with the small increase in load, they fail. As the load is increased,
more fibers fail and more load is transferred to the unfailed fibers, which
take a disproportionate share of the load. The surrounding matrix material
certainly cannot sustain the load and so fibers begin to fail in succession;
the failure propagates rapidly with increasing load. As with many fracture
processes, the tensile strength of graphite fiber, for example, varies from
fiber to fiber; and along the length of a fiber. The tensile strength of a fiber
is a probabilistic quantity, and the mean value and its variance are important
statistics. It is possible to study the failure of fiber-reinforced composites
from this viewpoint, or to simply use a value of failure stress in the fiber
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FIGURE 9.1. Failure in tension in the 1 direction.

direction that includes a high percentage of the fiber failure strengths. That
will be the approach here. The tensile strength in the fiber direction will be
denoted as alT .

With a compressive stress in the fiber direction, contemporary polymer-
matrix composites fail by fiber kinking, or microbuckling, as in Figure 9.2.
Kinking occurs among localized bands, or groups, of fibers, and the fibers in
the band fracture at both ends of the kink; the fracture inclination angle
is denoted as B, which varies from 10 to 30° in most composites. The
width of the kink band, W, varies from 10 to 15 fiber diameters. The
primary mechanism responsible for this behavior is yielding, or softening,
of the matrix as the stresses within it increase to suppress fiber buckling.
As might be suspected, any initial fiber waviness or misalignment, denoted
as ¢ in Figure 9.2, greatly enhances kinking and reduces fiber-direction
compressive strength, alc . In well-made composites, ¢ is typically between
1 and 4° (0.017-0.070 rads). The study of kinking is an ongoing topic of
research, where such issues as the magnitude of the fiber modulus relative
to the magnitude of the matrix modulus, bending effects in the fiber, the
variance of the misalignment angle, and the influence of other stresses (say, a
compressive 07), are being studied. It is generally accepted, however, that fiber
misalignment and yielding of the matrix influence composite compressive
strength in the fiber direction, alc , by way of the relation

G
of = T2 ©.1)
¢
1+
Y12

where V1Y2 is the shear strain at which the composite shear stress—shear strain
relation loses validity due to softening, or yielding, effects in the matrix.
Values of ¢/ V1Y2 range from 2 to 6, depending on the material.
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Kink band B, 10-30°

W, 10-15 fiber diameters

FIGURE 9.2. Failure in compression in the 1 direction.

Often polymeric fibers in a polymeric matrix fail in compression due to
fiber crushing rather than fiber kinking. The compressive stresses in the fiber
cause the fiber to fail before the matrix softens enough to allow kinking.

As illustrated in Figure 9.3, perpendicular to the fiber, say, in the 2 direc-
tion, failure could be due to a variety of mechanisms, depending on the exact
matrix material and the exact fiber. Generally a tensile failure perpendicular to
the fiber is due to a combination of three possible micromechanical failures:
tensile failure of the matrix material; tensile failure of the fiber across its
diameter, and failure of the interface between the fiber and matrix. The latter
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Fiber failure
Matrix failure

Interface failure

FIGURE 9.3. Failure in tension in the 2 direction.

failure is more serious and indicates that the fiber and matrix are not well
bonded. However, due to the chemistry of bonding, it is not always possible
to have complete control of this bond.

Failure in compression perpendicular to the fibers, as in Figure 9.4, is
generally due to material crushing, the fibers and matrix crushing and inter-
acting. The compressive failure stress perpendicular to the fibers is higher
than the tensile failure stress in that direction. Herein the tensile failure stress
perpendicular to the fibers will be denoted as 02T , while the compressive
failure stress will be denoted as azc . Failure in the 3 direction is similar
to failure in the 2 direction and the failure stresses will be denoted as a3T
and a3C .

The shear strength in the 2-3 plane, denoted as 1{3, is limited by the same
mechanisms that govern tensile strengths perpendicular to the fibers, namely,
matrix tensile failure, failure across the diameter of the fiber, and interfacial
strength. Because a shear stress produces a tensile stress on a plane oriented
at 45°, these tensile micromechanisms again limit the performance of the
material. Figure 9.5 illustrates these mechanisms as viewed in this shear

Material crushing

FIGURE 9.4. Failure in compression in the 2 direction.
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FIGURE 9.5. Failure in shear in the 2-3 plane.

mode. Because of these mechanisms that control shear strength, the shear
strength in the 2-3 plane is independent of the sign of the shear stress.

The shear strength in the 1-2 plane is limited by the shear strength of
the matrix, the shear strength of the fiber, and the interfacial shear strength
between the fiber and matrix. Figure 9.6 depicts failure in shear in the 1-2
plane due to a shear separation of the fiber from the matrix along the length
of the interface. Failure in the 1-3 plane follows similar reasoning, and these
shear strengths are denoted as tle and tlF3. As expected, the failure strength
in this plane is independent of the sign of the shear stress.

In summary, then, for a fiber-reinforced composite material there are nine
fundamental failure stresses to be concerned with, six normal stresses, three

—_— T2

Shear failure
at interface

FIGURE 9.6. Failure in shear in the 1-2 plane.
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tensile and three compression, and three shear stresses. Each failure stress
represents distinct microfailure mechanisms, and each results in a failure that
is somewhat unique to that loading situation. Measuring these failure stresses
is difficult. Many issues are involved with the testing of fiber-reinforced
composites to determine failure stresses; most of them focus on the fixturing
and specimen shape and dimensions. There is also the issue of interaction
among stress components. We have indicated that compression failure in the
fiber direction is due to kinking and microbuckling, and it stands to reason
that a compressive stress perpendicular to the fibers—that is, a 0, or 03—
might help support the fibers and prevent, or at least delay, microbuckling and
increase the compressive load capacity in the fiber direction. However, testing
to study interaction between stress components is difficult. To determine if
a compressive stress perpendicular to the fibers increases the compressive
strength in the fiber direction, a fixture to vary the level of compressive o,
and then the level of compressive o would have to be constructed and a
range of load levels used. The construction of such a biaxial compressive test
fixture is difficult. And what of triaxial compression? If a compressive o>
might increase the compressive capacity in the fiber direction, what about a
combination of compressive o3 and a compressive 02?7 And what about the
possible interaction of tension perpendicular to the fibers and shear? From
Figures 9.3 and 9.5 we saw that the same mechanisms that are responsible
for limiting the value of 7,3 limit the value of a tensile o>, so it is conceivable
that these two stress components interact to influence failure. The possibilities
are enormous. Unfortunately, it is quite easy to generate failure criteria that
are too complex to be verified experimentally. An important requirement
of any failure criterion is to be able to conduct failure tests on simple
specimens subjected to fundamental stress states, and then be able to predict
the load levels required to produce failure in more complicated structures
with more complex stress states. The two criteria considered here rely on the
fundamental failure strengths discussed above. The maximum stress criterion
is a noninteractive failure theory, while the Tsai-Wu criterion is an interactive
theory, and the influence of stress component interaction will be observed.

Because the majority of what we have discussed so far has been devoted
to situations where the plane-stress assumption has been used, we shall limit
our discussion of failure to those cases also. Hence we shall be interested in
the following five failure stresses:

alc compression failure stress in the 1 direction
alT : tensile failure stress in the 1 direction
azc : compressive failure stresses in the 2 direction 9.2)

0, : tensile failure stress in the 2 direction

T{, . shear failure stress in the 1-2 plane
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A
A matrix, 313, 323
for balanced laminates, 333
for cross ply laminates, 335
for isotropic materials, 337
inversion of for isotropic materials,
337
inversion of for symmetric balanced
laminates, 333-334
inversion of for symmetric cross ply
laminates, 335-336
inversion of for symmetric laminates,
331-332
a matrix
for isotropic materials, 337
for symmetric balanced laminates,
333-334
for symmetric cross-ply laminates,
335-336
ABD matrix, 310-330
inversion of, 323
Alternative rule-of-mixtures model, for
E,, 153
Anisotropic behavior
definition of, 62
of laminates, 330, 332
Anticlastic curvature, 265
Autoclave, 648, 667-669
Average laminate stress, 361-362
Axial shear modulus, G1,, 134
(see also Shear modulus)
Axial-shear coupling (see Elastic
couplings)

B
B matrix, 314, 323
for cross ply laminates, 335
influence on laminate behavior,
296-301, 355-360, 516-519,
616-622, 625-631
for symmetric laminates, 331
b terms in inverse of ABD matrix, 323
Balanced
laminates, definition of, 316,
333-334
and symmetric laminates, definition
of, 333-334
Basal planes, 11, 16
Bending moment resultants, 271, 309
Bending-stretching coupling, 301,
357-359
Bleeder and breather plies, 653

C
C matrix, 54, 61-66, 170-172
Carbon-based fibers
manufacture of PAN- and
pitch-derived, 10-15
microstructure, 15-20
properties of, 19, 100
Classical lamination theory (see also
Kirchhoff hypothesis)
assumed displacements, 245-248
with free thermal strains, 468
strain-displacement relations, 248-252
with free thermal strains, 468
stresses, general form of, 253
with free thermal strains, 469
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Classification of laminates
influence on A BD matrix, 330-338
influence on plate equations, 596-608
influence on thermal and moisture
resultants, 497-500
Coefficients of moisture expansion
analogy with thermal expansion, 86
for laminates, 504
through-thickness, 572-573
for unidirectional materials
in global coordinate system, 224
values used in book, 64
Coefficients of mutual influence,
218-220
Coefficients of thermal expansion
definition of, 79
for laminates, 502-504
through-thickness, 571-572
for unidirectional materials
from finite element model, 108—109
in global coordinate system,
221-222
from rule-of-mixtures model,
156-161
values used in book, 64
variation with 6, 222
values for fibers, 19, 23, 26
values used in book, 100
values for thermoplastic polymers, 32
values for thermosetting polymers, 29
value used in book, 100
Compliance matrix
for laminates, 323, 362
for unidirectional materials
definition and elements of, 53-54,
60-61
inversion of, 54, 61
for isotropic materials, 62
reduced, 71, 170, 200
transformed reduced (see
Transformed reduced
compliance matrix)
for transversely isotropic materials,
63
Compressive strength, 5-6, 390-391,
395
Concentric cylinders model, 122
axial shear loading, 134

comparison of stresses from finite
elements models, 131-133
fiber-direction tensile loading,
124-134
Constitutive relations (see Stress-strain
relations)
Cooldown, from curing, 470, 665
Couplings (see Elastic couplings)
Cross ply laminates, definition of, 335
Curing
autoclave, 667-669
hot press, 683
oven, 682
typical cycle, 665

D
D matrix, 319, 323
effect on plate behavior, 644-645
for cross ply laminates, 335
for isotropic materials, 337
for symmetric laminates, 331, 333
inversion of for isotropic materials,
337-338
inversion of for symmetric cross ply
laminates, 336
inversion of for symmetric laminates,
332
d matrix
for isotropic materials, 337-338
for symmetric balanced laminates,
334
for symmetric cross ply laminates,
336
for symmetric laminates, 332
Defects, due to manufacturing,
683-685
Delamination, 166
Dilitational effects, 79
Displacements (see also Classical
lamination theory)
functional forms for, 343, 350
through-thickness
moisture effects, 572-573
Poisson effects, 562-568
thermal effects, 569-572
total, definition of, 468



Distortional effects, 79
Differential Scanning Calorimetry
(DSC), 665-666

E
Effective transverse shear force
resultants, 587-589
Elastic couplings
in laminates
bending-stretching, 301
definition of, 340
influence of Aj¢ and Apg, 347-354
influence of Bij, 355-361
(see also B matrix)
influence of D¢ and Djg, 341-347
shear-extension, 187, 190, 204
Elasticity, theory of, 122, 168
strain-displacement relations, 248-249
Elasticity matrix, 54
Engineering properties
of aluminum, 64
effective, of laminates, 361-363
of unidirectional materials
definition of, 52
estimates of (see Concentric
cylinders, Finite element,
Rule-of-mixtures models,
Specific property)
in global coordinate system,
212-218
values used in book, 64
variation with fiber volume
fraction, 108
variation with 6, 218
Environmental effects (see Coefficients
of moisture expansion,
Coefficients of thermal
expansion)
Equivalent homogeneous material, 45,
389
(see also Engineering properties)
Expansion (see Coefficients of moisture,
Coefficients of thermal
expansion)
Extensional modulus
of aluminum, 64
effective, of laminates, 362—-363
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of unidirectional materials
definition of, 47-49
estimates of E
from concentric cylinders model,
124-130
from finite element model, 108
from rule-of-mixtures model,
140-144
estimates of Ep
from alternative rule-of-mixtures
model, 153
from finite element model, 108
from modified rule of mixtures
model, 149
from rule-of-mixtures model, 147
values used in book, 64
variation with 6, 218
Extensional modulus of fibers, 12, 19,
23,26, 100
Extensional modulus of matrix
materials, 29, 32, 100

F

Failure
definition and basic modes of, 387,
389-395
first ply, concept of, 404, 420
influence of free thermal strains on
maximum stress criterion, 542-550
Tsai-Wu criterion, 551-557
maximum stress criterion, 395-397
stresses, values for, 395
Tsai-Wu criterion, 433
Fibers
buckling and kinking, 5-6, 390-391
relation to whisker, 3
boron, 10
carbon (see Carbon-based fibers)
glass (see Glass-based fibers)
polymeric (see Polymeric fibers)
properties used in book, 100
sizing (see Surface treatments)
surface treatments (see Surface
treatments)
Fiber volume fraction, definition, 97,
124
Filament winding, 674-678
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Finite element models
for engineering properties of
unidirectional materials
oy, op, 108-109
E 1, V12, 111
E>, vy1, 123, 116-117
Gr3, 121-122
hexagonal- and square-packed arrays,
95-99
for interface stresses
due to fiber direction tensile
loading, 109-111
due to temperature change,
101-105
due to transverse (2) tensile
loading, 113-116
due to transverse shear (23)
loading, 119-121
Force resultants
definition of, 270-273, 308-309
due to free moisture strains, 494
due to free thermal strains, 490-492
unit
due to free moisture strains,
496-497
due to free thermal strains, 494-496
Fourier series, 631-632 (Exercise), 636
Free edge effects, 166
Free moisture strains
for laminates, 504
for unidirectional materials, 86—87
inclusion in plane-stress
stress-strain relations, 175-176
in global coordinate system,
224-227
inclusion in stress-strain relations,
86-89
Free thermal strains
for laminates, 500-519
for unidirectional materials, 76—80
inclusion in plane-stress
stress-strain relations, 175-177
in global coordinate system,
221-234
inclusion in stress-strain relations,
80-85

G
Glass-based fibers
composition and manufacture of,
20-23
properties of, 23
Glass-polymer composite
engineering properties of, 64

H
Hand lay-up, 653-664
Hexagonal-packed array, 95-99
(see also Finite element models)
Hot press, 683
Hydrophilic and hydrophobic,
definitions of, 39

I
Inplane displacements, 350, 357, 599
decoupling of, in plates, 599
Integrated properties, 314
(see also Equivalent homogenous
material, Smeared properties)
Interaction (see Stress interaction)
Interface stresses
from concentric cylinders model
due to fiber direction tensile
loading, 129-134
from finite element models (see Finite
element models)
Interfacial treatments (see Surface
treatments for fibers)
Interphase, 162 (Exercise 3)
(see also Surface treatments for
fibers)
Isotropy
definition of, 2, 45
quasi-isotropic, 364 (Exercise 4)
reduction of compliance matrix, 62,
188-190
reduction of stiffness matrix, 62—63,
202-203

K
Kinking, of fibers (see Fibers)
Kirchhoff free-edge condition, 588



Kirchhoff hypothesis and implications,
241-253, 467-470
note on, 301-302
Kirchhoff shear force resultant, 588, 637

L
Laminate
balanced, 316, 333-334
coefficients of moisture expansion,
504
coefficients of thermal expansion,
502-504
compliance matrix, 323, 362
cross ply, 335-336
design, 340
displacements, 241-248, 467-468
effective engineering properties,
361-363
free thermal response, 504-519
nomenclature, 238-241
reference surface, 243
stiffness matrix, 310-329
strains, 248-252, 467-469
stresses, 252—-253, 469—-470
symmetric, 331-332
symmetric balanced, 333-334
through-thickness
coefficient of moisture expansion,
572-573
coefficient of thermal expansion,
571-572
extensional strain, 242-243,
562-564
Poisson’s ratio, 564-568
strain, due to moisture effects,
572-573
strain, due to thermal effects,
569-571
Laminate classification
effect on ABD matrix, 330-338
effect on plate equations, 596-608
effect on unit thermal force and
moment resultants, 497-499

M
Matrix cracking, 103, 404, 420, 425,
428
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Matrix direction, 44
Matrix materials
glass transition and processing
temperatures, 30
properties used in book, 100
resins (see thermoplastics and
thermosets below)
role of, 4-6, 25-26
thermoplastics, properties of, 29-31
thermosets, properties of, 27-29
Maximum stress failure criterion,
statement of, 395-397
Maxwell-Betti reciprocal theorem,
55-57
Mechanical strains, definition of, 81
in plane-stress stress-strain relations,
176
in a global coordinate system,
226-227
in stress-strain relations, 81-85, 88
Micromechanical models
concentric cylinders model
axial shear (12) loading, G2,
134-139
fiber direction tensile loading, E|,
V12, 124-134, 139 (Exercise 2)
finite element models
arrays, hexagonal- and
square-packed, 95-99
fiber direction tensile loading, E|,
V12, 109-112
temperature change, o1 and oy,
100-109
properties used in, 100
strength-of-materials models
(rule-of-mixtures models)
axial shear (12) loading, G2,
154-156
fiber direction tensile loading, E|,
V12, 140-145, 162 (Exercise 3)
temperature change, o1 and oy,
156-161
transverse (2) tensile loading, E-,
146-153
transverse (23) shear loading, G»3,
118-122
transverse (2) tensile loading, E»,
Va1, V23, 112-118
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Modified rule-of-mixtures models
axial shear (12) loading, G1», 156
transverse (2) tensile loading, E»,

149-150
(see also Alternative rule-of-mixtures
model)
Modulus matrix, 54
Moisture
absorption of, 86, 496
expansion (see Coefficients of
moisture expansion)

force and moment resultants, 494

unit force and moment resultants,
496-497

strains (see Free moisture strains)

stresses due to, 87-88, 519-523,
538-542

(see also Stress-strain relations)
Moment resultants
definition of, 271, 275-277, 309
(see also Stress resultants)
due to free moisture strains, 494
due to free thermal strains, 491-492
unit
due to free moisture strains,
496-497
due to free thermal strains, 494-496

N

Nonorthotropic behavior, 330
(see also Anisotropic behavior)

Nonlinear, geometrically, 518

(0]
Off-axis
condition, definition of, 180
reduced compliances, 188
reduced stiffnesses, 202
tensile specimen, 438
On-axis
reduced compliances, 188
reduced stiffnesses, 202203
Orthotropic behavior
definition of, 45, 62
degree of, 66
of laminates, 334, 336

Out-of-plane
deflections, 343, 357, 599-600, 626,
638-639
strains (see Through-thickness)

P
Plane stress
assumption, 165-169
stress-strain relations, 169-173
including free thermal and moisture
strains, 175-177
in global coordinate system, 186,
202
including free thermal and
moisture strains, 225-227
Plates
boundary conditions for, 586,
591-595, 597-607
effective transverse shear force
resultants, 587-588
equations governing, 584-586,
590-595
effect of laminate classification on,
596-608
long, 608-632
rectangular, 632-645
Poisson effects, coupled with thermal
expansion effects, 84
Poisson’s ratios
for laminates
effective, 362-363
through-thickness, 564-568
for unidirectional materials
from concentric cylinders model,
139 (Exercise 2)
definition of, 47-49
from finite element models
V12, V13, 111-112
V21, V23, 117
major, definition of, 49
from rule-of-mixtures model, vy,
143-145
values used in book, 64
Polymeric fibers, 23-25
Kevlar, 24-25
properties of, 26
Porosity (see Voids)



Prepreg, definition of, 14

Principal material coordinate system,
definition of, 44

Properties (see Coefficients of moisture
expansion, Coefficients of
thermal expansion,
Engineering properties)

Pultrusion, 678680

Q

QO matrix, 171

Q matrix, 202-204

Quadradic failure criterion, 443
Quasi-isotropic, 364 (Exercise 4)

R

Radius of curvature, of laminate, 249
Reciprocity relations, 55, 60, 117
Reduced bending stiffness, 619
Reduced compliances, 71, 170, 200
(see also Transformed reduced
compliance matrix)
Reduced extensional stiffness, 619
Reduced stiffnesses, 171
(see also Transformed reduced
stiffness matrix)
Release agents, 650-652
Residual stresses, definition of,
100-108, 470
Resin transfer molding (RTM), 681
Resultants (see Force resultants,
Moment resultants)
Rule-of-mixtures models (see also
Micromechanical models)
alternative (see Alternative
rule-of-mixtures model)
modified (see Modified
rule-of-mixtures models)

S

S matrix, 53-54, 60-63, 169-170

S matrix, 186-190

Shear coupling (see Elastic couplings)

Shear force resultants, in plates, 581,
587-588
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Shear modulus
of aluminum, 64
definition of, 50
effective, of laminates, 362—-363
of unidirectional materials
from concentric cylinders model
for Gz, 139
from finite element model for G,3,
108, 121-122
from modified rule-of-mixtures
model for Gip, 156
from rule-of-mixtures model for
Gio, 155
values used in book, 64
Shear strain, sign convention for, 193
Shear strength, 392-394
(see also Failure)
Sizings, 12
(see also Surface treatments)
Smeared properties, 45, 80-81, 314, 389
(see also Engineering properties)
Specific stiffness and strength, 8
Square-packed array, 95-99
(see also Finite element models)
Stacking sequence nomenclature,
238-241
Stiffness matrix
for laminates, 323
(see also Laminate classification)
for unidirectional materials
definition and elements of, 54,
61-64
for isotropic materials, 62—63
reduced, 171-173
transformed reduced (see
Transformed reduced stiffness
matrix)
for transversely isotropic materials,
63-64
Strain
-displacement relations, 248-251
free moisture, 86
free thermal, 76-80
mechanical, 81
shear, sign convention for, 193
through-thickness, 169-171, 184-185
including free thermal and mositure
strain, 176, 227-229
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Strain (continued)
total, 81
transformation relations, 184185
Strength (see also Failure)
of fibers, 11-12, 19, 23, 26
of matrix materials, 29, 32
of unidirectional materials, 389-395
Strength-of-materials (see
Rule-of-mixtures models)
Stress (see also Plane stress)
failure values, 395
interaction (in failure), 389, 394, 429,
432, 441
constants for (Tsai-Wu failure
criterion), 440
in unidirectional material at boundary
of unit cell
due to fiber direction tensile
loading, 111
due to temperature change,
105-108
due to transverse shear loading,
120-121
due to transverse tensile loading,
115-117
in unidirectional material at
fiber-matrix interface
due to fiber direction tensile
loading, 109-111
due to temperature change,
101-105
due to transverse shear loading,
119-121
due to transverse tensile loading,
113-115
resultants, 270-273, 275-277
definitions of, 308-310
moisture and thermal, definitions
of, 490-492, 494
unit moisture and thermal,
definitions of, 494-495, 497
transformation relations, 182—-183
values of to cause failure, 395
Stress partitioning factor, in modified
rule-of-mixtures models, 148,
156
Stress-strain relations
general state of stress, 53-55, 60-64

including free moisture strains, 87
including free thermal strains, 82
for plane stress (see Plane stress)
Surface treatments for fibers, 31-42,
162 (Exercise 3)
application of, 12-14
carbon-based fibers, 33-39
glass-based fibers, 39-41
polymeric fibers, 41-42
Symmetric
balanced laminates, definition of,
333-334
cross-ply laminates, definition of,
335-336
laminates, definition of, 239, 331-332
Symmetry, for finite element
micromechanical models,
97-98

T
Tension
poor transverse properties, 6
strength
fiber direction, 389-391, 394-395
transverse direction, 391-392,
394-395
Ty, glass transition temperature
definition, 26
values for polymers, 29-32
Thermal
effects, stresses due to, 84, 100-108,
177, 227-234, 471-482,
504-518, 523-557
expansion (see Coefficients of thermal
expansion)
force and moment resultants,
488-494
strains due to (see Free thermal
strains)
unit force and moment resultants,
494-497
Thermoplastics (see Matrix properties)
Thermosets (see Matrix properties)
Through-thickness
laminate coefficients of moisture
expansion (see Coefficients of
moisture expansion)



Through-thickness (continued)
laminate coefficients of thermal
expansion (see Coefficients of
thermal expansion)
Poisson’s ratios (see Poisson’s ratios)
strain (see Strain)
Tooling, for manufacturing, 648—649
Total displacements, 468
(see also Displacements)
Total strains, 81
(see also Mechanical strain, Strain)
Tow, definition of, 4
Transformation relations
for coefficients of moisture
expansion, 224
for coefficients of thermal expansion,
221-222
for strain, 184-185
for stress, 182-183
Transformed reduced compliance matrix
definition of, 186
for isotropic materials, 188—-190
interpretation of, 186-187, 204, 212
variation with 6, 188
Transformed reduced stiffness matrix
definition of, 202
for isotropic materials, 202-203
interpretation of, 203-204, 212
variation with 6, 203
Transverse direction, 44
Transverse modulus (see Extensional
modulus)
Transverse shear, 118-122
Transverse strength, 391-392
Transversely isotropic materials
compliance matrix for, 63
definition of, 63
in finite element models, 100, 122
stiffness matrix for, 64
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Transverse shear force resultants, in
plates, 581, 587-588
Tsai-Wu failure criterion, statement of,
432-433
Tube, failure of
with combined loading, 411-421,
451-458
in tension, 397-404, 444-449
in torsion, 405411, 449451

U
Unit cell models (see also
Micromechanical models)
stresses at boundaries of, from finite
element models
fiber direction tensile loading, 111
temperature change, 106
transverse shear loading, 121
transverse tensile loading, 117
Unsymmetric laminates, 296-301, 329,
355-360, 516-519

A%

Vacuum bagging, 653, 663

Variational methods, 576, 578

Voids, 684

von Mises failure criterion, for metals,
431

use in Tsai-Wu failure criterion,

439-440

w
Whiskers, 3
Woven fabrics, 669-670

Y
Young’s modulus, 337, 605
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